Prof. G. G. Stokes on the Foci o f Lines
[June 2] liminary notice, and defer to a subsequent occasion a detailed account c the whole subject, as known from observation. In that paper I purpos to show how the indices can be accurately determined in minerals c different structure, to point out how closely observation agrees wit theory, and to describe a number of anomalies met with in particula specimens.
X. " O n th e Foci of Lines seen th ro u g h a Crystalline Plate. B y G. G. S tokes, M .A ., Sec. R .S . Received Ju n e 21, 1877.
A t the Soiree o ' the Royal Society on the 25th of April Mr. Sorb showed me the method he had recently devised for discriminating betwee: minerals by focusing a microscope over a delicate image of cross lines which image was viewed, first directly, and then through a crystallin plate, having previously been adjusted to be at the distance of the lowe surface of the plate. W ith glass and singly refracting substances th alteration of the focus produced by the interposition of the plate afford a measure of its refractive index. But with a plate cut from a doubl; refracting crystal, not only is there more than one focal distance, but fo one at least of the pencils there is (except in special cases) no tru focus, but the foci of the two systems of cross lines are found at two dif ferent depths, or else there is no sharply defined image at all, according * to the orientation of the lines relatively to lines fixed in the crystalline plate. Moreover the result obtained on applying the formula which, fo: is a singly refracting plate, gives the refractive index from the measure< < displacement of the focus is often widely different from what is knowi a to.be the refractive index of the crystal, for the pencil under examina tion, in a direction perpendicular to the plate., The phenomena will be described in detail by Mr. Sorby in his owr paper. My object is to show how they flow from the known laws o: double refraction, as consequences of which they will necessarily com* under review *. * [It seemed pretty certain that some of the phenomena must have been noticec before, though I am not aware that-they have been described, or their theory workec out in any detail. I find that Prof. Clifton has been in the habit of using an insfcru ment somewhat similar to Mr. Sorby's, which was procured several years ago for tht Museum of the University of Oxford, and that he was familiar with such things as the * ; low apparent index of calcite for the extraordinary pencil nearly in the direction o: fe the axis, and the astigmatism in general of a pencil refracted across a plate otherwist than by ordinary refraction; and, further, that he utilized these phenomena for the > |i instruction of students as to the general form of the wave-surface. No one, however so far as 1 know, before Mr. Sorby, had applied the phenomena to the practical dis-u ^ elimination of minerals, or had worked them out quantitatively and in detail; and it is my desire to complete the subject, by supplying the mathematical theory, that must \ be my excuse for offering to the Society an investigation which in itself consists merely in easy deductions from well-known principles.
I t is perhaps hardly necessary to refer to a paper by Dr. Quincke in Poggendorff8
The simplest case is that of a uniaxal crystal, such as Iceland spar, cut irpendicular to its axis. As regards the ordinary ray, a plate cut from iiniaxal crystal, in whatever direction, behaves, of course, like a plate * glass, so far as focusing is concerned, and the index obtained is the •ie ordinary index. To find what takes place as regards the extraor-,aary ray, we must have recourse to Huyghens's construction. Let 0 be any point in the further surface of the crystalline plate, OA rpendicular to the surface the direction of the axis, OP the direction any extraordinary ray. Let the plane of the paper be the plane of 
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seen through a Crystalline Plate.
cidence, A O P ; take OA to represent the velocity of propagation (a) ithin the crystal in the direction of the axis, and OD in OA produced ' represent the velocity of propagation (unity) in air. W ith 0 as ntre, construct the half-spheroid, BAC, which is the extraordinary sheet the wave-surface, and the hemisphere ED F representing the wave to which a disturbance emanating from 0 would have spread in air in unit of time, and let OB or OC be denoted by c. Let OP cut the halfiheroid in P. At P draw a tangent plane to the spheroid, the trace of liich on the surface of the crystal is projected in T ; and through the ace T draw a tangent plane to the hemisphere, touching it in Q, and in OQ. Then if an extraordinary ray travel within the crystal in the irection OP, the refracted ray to which it will give rise will travel in a irection parallel to OQ. Hence if we now take OP to denote the whole ath of the ray within the plate, and draw P parallel to QO, cutting 'A in 7, the ray OP, after refraction at P, will proceed as if it came fom q. Hence the limiting position of q, as P moves up to A, will be a© geometrical focus, after refraction, of a small pencil proceeding from and having OA for its axis. Draw PM perpendicular to OA, and let m represent the ratio of the lne °f refraction to the sine of incidence. Then m = O P : P and by similar triangles (1 where u,n' denote the ordinary and the principal extraordinary indices refraction, which are the reciprocals of a, c.
In this particular case the ordinary and extraordinary images canna be distinguished directly by their polarization, since each consists of rays polarized in all azimuths. But if the objective of the microscope b< limited by a narrow aperture, so as to give a predominance to rays lyinj in one plane, there will in the ordinary image be a predominance o: polarization in a plane parallel to the length of the aperture, and in th< extraordinary image of polarization in the perpendicular plane.
Next take the case of a uniaxal crystal cut parallel to the axis. Ii this case, as regards the extraordinary pencil, the divergence after refrac tion will be different in the axial and equatorial planes, so that a smal pencil diverging from a point at the under surface of the crystal will, aftei refraction, diverge from two focal lines ; and in order that a line may bt seen distinctly, it must lie in one of the planes of symmetry, in whicl case, at a certain focal adjustment of the microscope, each element of tht line would be seen as a short line in the direction of the actual line, anc therefore the line as a whole will be seen sharply defined.
In the equatorial plane the extraordinary ray obeys the ordinary law o: refraction; and as regards divergence, therefore, in this plane, on whict depends clear vision of a line parallel to the axis, the apparent indej will be the same as the real index, //. In the axial plane everything wil be the same in respect of divergence as in the first case, except that tht principal axes of the ellipse which is the section'of the extraordinarj wave-surface will be interchanged. Accordingly a line in the equatorial plane will be seen distinctly at a focal adjustment which will give at apparent refractive index p2: p'.
There will therefore, on the whole, be three focal adjustments of the microscope at which one or other of the systems of cross lines, or both together, will be seen distinctly, namely, one for the extraordinary pencil, which is polarized in the equatorial plane, at which the lines in the axial plane are seen distinctly; another at which the lines in the equatorial plane are seen distinctly; and, intermediate between these, a third for the dinary pencil, which is polarized in the axial plane, at which both stems at once will be seen distinctly. And the ordinary index, which ill be given by the ordinary image, will be a geometric mean between e two apparent extraordinary indices, of which one, namely, that got om the lines in the axial plane, will be the real extraordinary index. There are two nniaxal crystals, calcite and quartz, for which we know icurately the principal refractive indices for the principal lines of the pectrum from the measures of Eudberg. The principal indices for these vo minerals and the apparent indices in the two directions mentioned pove are given in the following Table. The indices are given to four laces of decimals, and the fixed lines C, D, E are chosen, whence the isults applicable to the kinds of light most likely to be employed may e obtained, directly or by interpolation.
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0 ... It is well known that the double refraction of quartz differs from that pf the generality of uniaxal crystals. Its wave-surface for any colour, instead of being the sphere and spheroid of Huyghens, is a surface of two iistinct sheets, which, instead of touching, only make a very close approach along the axis. The polar diameters of the outer, or ordinary, and of the inner, or extraordinary, sheet differ by minute and practically equal quantities from the equatorial diameter of the ordinary sheet. The effect of this, however, on the indices, real or apparent, determined by Mr. Sorby's method on a plate cut perpendicular to the axis, would not be sensible. The peculiarity would show itself by giving the two images at different depths circularly polarized, one right-handedly and the other left-handedly. * I t may be noticed that the refractive index is given by the reciprocal of the radius of curvature of a section of the wave-surface by a plane perpendicular to the lines seen in focus, and that in order that the lines may be seen distinctly, they must be perpendicular to one of the planes of principal curvature. This rule, as I proceed to show, is general; and it will much simplify the calculation in more complicated cases, by enabling us to dispense with the direct application of Huyghens s con struction. '
Let O be a point in the first surface of the plate, and consider a small pencil emanating from O in such a direction that its axis, after refrac tion, is perpendicular to the plate. W ith centre 0 describe half a wavesurface, of which only one sheet, D EF, is represented in the figure tc avoid confusion. In a direction parallel to the surfaces of the plate draw Prof. G. G. Stokes on the a tangent plane to the wave-surface, touching it in E. Join OE, and draw EG a normal to the plate, and produce it to cut D F in H. Then OE is the course of a ray within the crystal which, after refraction, pro ceeds in a direction perpendicular to the plate, and is therefore the axis of the pencil. Let OPQ be an adjacent ray, cutting the wave-surface in P, and the tangent plane, which we may suppose to coincide with the second surface of the plate, in Q, Then the retardation of the wave on arriving at Q, relatively to the wave at E, will be the time the ray of light takes to travel from P to Q. The form of the wave after refraction will depend only on the value of this retardation, regarded as a function of the two coordinates which determine the position of Q on the plate. This follows at once from Huyghens's principle. If we regard QE as a small quantity of the first order, the retardation will be a small quantity of the second order; and in determining the foci of the refracted pencil we only want to know the retardation true to this order, and we may substitute for the actual retardation any quantity which bears to it a ratio that is ultimately one of equality. Hence, as the wave progresses within the crystal beyond I)EF, we may feign it to be travelling in an ordinary medium, with a velocity of propagation equal to the actual wave-velocity in the direction H E normal to the plate. For if from Q we conceive a nor mal QM drawn to the wave-surface, the actual wave-velocity along MQ will differ from that in the direction H E by a small quantity of the first order; and since the whole distance MQ is a small quantity of the second order, we may neglect the variation of wave-velocity, and treat the medium as if it were a singly refracting one, in which a wave was travelling which had already, by some means, acquired the form DEF.
Through the normal E H draw the two rectangular planes of principal irvature of the surface at E, and let C, C( be the centres of curvature, id p,p' the radii of curvature, on the same scale in which H E lepresents ie wave-velocity v in the direction H E . Then the rays in that plane of rincipal curvature, the normals in which intersect in C, may be thought t' as diverging from 0 in an ordinary medium, of which the refractive idex is v~l. If tb e the thickness of the plate, the distance of C he second surface will be ^r, and the product of this by v, or will ive the distance of the focus in that plane after refraction into a ir ; and herefore the apparent index of refraction will be p~l. Similarly p'~l will vill be the apparent index in the other plane. And in order that one or >ther of the two rectangular systems of lines may be seen distinctly at he proper focus, the lines m ust be placed perpendicular respectively to ;he two planes of principal curvature. A similar construction applies to the other pencil which the plate is ?apable of transm itting independently, to which corresponds the other sheet of the wave-surface, and which is polarized in a plane perpendicular to the plane of polarization of the former pencil. In a biaxal crystal, in which neither sheet of the wave-surface is a sphere, there will in general be four focal distances at which lines in proper directions can be seen distinctly. For either pencil the two required directions are perpendi cular to each o th e r; and if the plate be perpendicular to one of the prin cipal planes, or planes of optical symmetry of the crystal, the required directions of the cross lines are the same for both pencils, namely, parallel and perpendicular to the plane of symmetry.
The case next in order of simplicity to that of a uniaxal crystal cut parallel to the axis is that of a biaxal crystal cut in a direction perpen dicular to one of the principal axes; but before proceeding to this it may be well to complete the investigation for a uniaxal crystal, by con sidering a plate cut in any manner.
Let 0 be the inclination of the axis of the crystal to the normal to the plate; a, c, as before, the polar and equatorial semiaxes of the spheroid. We need only consider the extraordinary ray and the spheroid corre sponding to it. Let p be the radius of curvature of the elliptic section made by the principal plane, p the radius of curvature of the perpendi cular section, which will be the length of the normal drawn as far as the axis of revolution, p and p are to be expressed in terms of W e have
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seen through a Crystalline Plate. In this case, as in that of a uniaxal crystal cut perpendicular to tht axis, there are only two focal distances at which a distinct image is seen But the two cases are easily distinguished; for in the present case th< ordinary and extraordinary images are both polarized in definite planes also at one of the focal distances only one of the systems of cross lines namely, those parallel to the principal plane, are seen distinctly; and further, either extraordinary image becomes confused when the plate if rotated in its own plane.
Por this particular inclination we have, in the case of Iceland spar according to the indices above quoted for the line D, 0 = 53° 34'.
In this mineral the normal to the plane of easy cleavage is inclined t( the axis at the angle 44° 37'. Substituting this value in (2) In biaxal crystals the simplest case, and at the same time the most important, is that of a plate cut perpendicular to one of the principal axes, or so-called axes of elasticity. As the calculation fo is precisely the same as for the extraordinary pencil in a plate of a uni axal crystal cut parallel to the axis, it will be sufficient to give the result.
Let the principal axes be designated as those of x ,y , z, to which relate the parameters or principal velocities of propagation, a, c, and theii reciprocals, the principal indices, y, y , y" in descending, and consequently y, y , y" in ascending order of magni tude *. Por the arrangement of the Table, it will be convenient to specify the direction of the line seen in focus, and that of the normal to the plane of polarization of the image observed. When these directions are dif ferent, the plane of the plate is defined, being that containing them both. * In the previous investigation for Iceland spar a was taken for the ordinary wavevelocity, in order to conform to the notation in Airy's tract, so that c was greater than a. 7hen they are the same, the plane of the plate may be either of the prinpal planes containing th at common direction ; and, indeed, it might be ay plane containing it, only th a t the case of a plate cut obliquely is not fc present under consideration.
The apparent indices obtained by ocusing will accordingly be arranged as follow s:- The numbers in the squares xx, yy, are, of indices.
I proceed now to the case of a plate cut in any direction perpendiculs to one of the principal planes, to which I propose to limit myself, mere! observing that the leading features of the most general case have alread been noticed.
The principal plane perpendicular to the plate being a plane of optic* symmetry, the proper directions for the cross lines are parallel and per pendicular to that plane. Let the plane of symmetry be the plane c xz, "without necessarily implying thereby th at the axis of is that of mea parameter, and let 0 be the inclination of the normal to the plate to tb ft-ris of z. The section of the wave-surface, which I assume to be that c Presnel, by the principal plane being a circle and an ellipse, the formub for the foci of a line perpendicular to the principal plane will be the sam as for a uniaxal crystal, inasmuch as the relation which, in the case of uniaxal crystal, subsists between the radius of the circle and one of th semiaxes of the ellipse is not involved in the formulae. Lor light polarize' perpendicularly to the principal plane, then, the apparent index for t line parallel to y is given by (2), while for the other pencil it is simpl; 6_1 or fx.
To find the foci for a line lying in the plane of symmetry, we mus have recourse to the wave-surface itself, and not merely to its principa section. W e have to find the radius of curvature at any point in th principal section for a normal section perpendicular to the principa plane.
Let P be a point in the principal section, P N the normal at P, M t point in P N near P, and through M draw M Q parallel to y, cutting it Q the sheet of the wave-surface to which P belongs. Then the limi of MQ2-r2 PM , as M moves up to P, will be the radius of curvature required.
Taking the equation of the wave-surface under the form (5), which, by hypothesis, is satisfied by the coordinates x, 0, z, observing that bx, bz are small quantities of the order y 2, small quantities of the order y*, we find
Let PM==p, and first suppose P to lie in the circular section. Then x "b* x~b sin 0, z -b cos 0. Also, as the normal coincides with the radius vector,
Prof. G. G. Stokes o th
377.]
seen through a Crystalline Plate. 395
Substituting in (6) and putting y 2=2p we find ,_j b(a2 sin2 0 + c 2 cos2 0 + ft2-a2-c2) 9 62(a2 sin2 0 + c2 cos2 0)-aV ' cos2 0+ (6 2 smi 0= co ?0 = a -a sin2 0+c~2 cos2 +C = «-4 sin2 0+c~4 cos' 0* On substituting in (9), and reducing, we find (-1 {(52-a2) cos2 04-(52-c2) sin2 0}(a2cos2 0+ c2 sin2 0)» 9 ~~ a2(62-a2) cos2 0 + c\b ' -c2) sin2 0 which gives the apparent index for light polarized perpendicularly to the principal plane, when a line in that plane is brought into focus. To sum up. For the pencil which is polarized in the principal plane the apparent index for a line perpendicular to that plane is the real in ex b~l or p , while for a line in the principal plane it is given by (7). For the pencil which is polarized perpendicularly to the principal p ane e apparent index for a line perpendicular to that plane is given y ( ), an for a line in the plane by (10).
... On examining the expressions (7) and (10) the plane perpendicular to the axis of mean parameter. Let BB' be the circular, and AC the elliptic section, intersecting in R, PQ the common tangent, BN a normal at B to the elliptic section. Conceive a plate cut perpendicular to the plane of xz, its normal bein 0 z ; and imagine 0 to change continuously from 0 to, 90°: and let p, pt represent the radii of curvature in the secondary plane (xOz being deemed
,0 •primary plane) for points in the sections AC, BB' respectively. As starts from zero, p starts from a and increases, and p/ st and decreases. W hen 0 becomes BOB, pt' vanishes, and beyond that >comes negative, while p' continues to increase. As 0 increases to OQ, p' increases positively, and p/ negatively, to infinity, and beyond lat both change sign, p becoming negative and p/ p icreases to ANB, p decreases negatively to zero, while p/ jsitively from infinity. On passing ANB, p becomes positive, and in dues to its final value, c, which it reaches when 0=90°, while p/ decreases > its final value, 6"V . Thus though we may say that as 0 increases rom 0 to 90°, p increases from a to ecreases from b~lc2 to 6" V by passing through 0 and oo. The extravagant changes of apparent index in the immediate neighourhood of the wave-and ray-axes could probably not well be followed y the microscope, on account of the necessity of working with pencils of nite angular aperture, which would make the phenomena of focusing lend themselves with those of conical refraction. But there can be little oubt that a large increase or diminution of apparent index on approachag the critical region would be readily discernible. That these changes re not confined to the principal plane is evident, inasmuch as one prinipal radius of curvature of the wave-surface becomes infinite at any point ,{the circle of contact of the surface with the tangent plane perpendi-;ular to the optic axis, and one principal radius of curvature vanishes it the conical point, to whatever normal section it be thought of as telonging.
Let us now resume the equations (2), (10), which give the principal mrvatures for the elliptic section, without deciding beforehand any thiug is to the relative magnitude of the parameters.
As 0 changes from 0 to 90°, the radius of curvature in the primary plane changes from a-'c2 to c-1ci2, and that in the secondary plane from i to c ; and the ratio of the radii, therefore, changes from a~*<? to c V , of which one is greater than 1 and the other less than 1. If, then, both radii remain positive, as is the case in the two principal planes passing through the mean axis, the two radii must be equal for some intermediate value of 0. Hence there must be four umbilici in each of these planes. To fin<i the umbilici we must equate the values of p, p given by (2), (10), whence a2c2{(&2-a2) cos2 0+(&2-c 2) sin2 0}(cos2 0+ sin2 0) = {a2(62-a 2) cos20+ c2(&2-c 3) sin2 0}(a2 cos2 0 + c2sin20), which gives, after reduction, ,« ( ? -.* ) .......
tan
This expression shows that the umbilici in the elliptic section made by
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[June 21 the principal plane of greatest and least parameters are imaginary. ] $ we take v™, vgy to denote the inclinations to 0 of the normals to tl umbilici in the planes of xy, z y , we have, by of letters:-« a \a 2-c2) -tan4 vXy = * tan Vz2/==b \a 2-b 2y ' * ' P If a plate be cut perpendicular to the normal at one of these umbilic one of the polarized pencils which it transmits will give the images c < ' both systems of cross lines distinct together; and the distinctness wi! not be affected by rotating the plate in its own plane while the cross line are fixed. In this respect it agrees with a plate of a uniaxal crystal cr in an arbitrary direction, with which it might easily be confounded. Be if the double refraction be strong enough to give a sensible lateral separa tion of the two oppositely polarized images, the two cases may be distin guished thereby in either of two ways :-First, if the images be compare with a mark fixed to the focus of the eyepiece, and the crystal be rotate in its own plane, while the object viewed through it'is fixed, in the case o a uniaxal crystal the image free from astigmatism will remain fixed, whil any point of the other describes a small circle round its mean positior whereas in a plate of a biaxal crystal cut perpendicular to the normal a one of the umbilici above considered it is the reverse; the image affectei by astigmatism remains fixed, though its distinctness alters, while am; point in the other describes a small circle about its mean position Secondly, if the plane of separation of the two oppositely polarized image* be noticed, in a uniaxal crystal the plane of polarization of the imagi which is free from astigmatism will be parallel to the plane of separa tion, while in a biaxal crystal cut as above supposed it will be perpendi cular to the plane of separation*.
There are no umbilici in the circular sections of the wave-surface madf by the principal planes. If we equate p' given by (7) to be the radius oi curvature in the primary plane, we get, in fact, cos2 0 + sin2 0= 0, whicr cannot be satisfied.
The formulae (15) give for vxy, (ray D) in aragonite 69° 26 ' and •' 45° 8'; in topaz 46° 49' and 55° 27'. In the employment of his method Mr. Sorby has chiefly had in view f the discrimination of minerals, but it admits of one or two interesting applications to optical theory.
At the time when Fresnel invented his theory of double refraction it accuracy of the Huyghenian law has also been confirmed by the elaborat* observations of M. Abria*. In the method of prismatic refraction employed by M. Abria and my self, the difference between Huyghens's construction and the result of th* theory just referred to is greatest about 45° from the axis, while extremeh close to the axis, or to the equator, it would hardly be sensible. Mr Sorby's method is remarkable for this, that it brings out into prominence variations of refraction with change of direction, though the absolute refractions which are involved may be nearly the same. Thus Mr. Sorb} informs me that his method shows with perfect distinctness the two widelj different foci for a plate of Iceland spar cut perpendicular to the axis, ever though the inclination of the rays concerned to the axis is so small that when polarized light is used, which is extinguished by an analyzer, the field remains dark after the interposition of the crystal.
In the theory referred to above the extraordinary sheet of the wavesurface is generated by the revolution of the curve which is the envelope of straight lines whose distance, v, from the origin is connected with theii inclination, 90°-0, to the axis by the relation Foci of Lines seen through a Crystalline Plate. 
The same formula will apply to a point in the equator if we interchange fj. and g'.
Putting these excesses into numbers, according to Rudberg's indices for the line D in Iceland spar, we find 0 0 5 3 6 and 0*1180, giving for apparent indices 1*3858 instead of 1*3322 for a plate perpendicular to the axis, and 1*9685 instead of 1*8505 for a plate parallel to the axis when the micro scope is focused on a fine in the equatorial plane. These differences are much too large to escape detection.
P ostscript.
Being anxious to complete the theory of the images free from astig matism by determining in what cases, if in any, they could be formed by * * Annales de Chimie,' tom. i, (1874) p. 289. ransmission in a perpendicular direction across a crystalline plate cut therwise than perpendicular to a principal plane, I have since worked put the differential equation (between two parameters) of the lines of urvature of the wave-surface, the discussion of which shows that there ire no umbilici out of the principal planes. Hence the four directions letermined by equations (15) are the only ones perpendicular to which £ a plate be cut one of the images is free from astigmatism.-October 1877. The object of this inquiry was (1) to determine the relation between ncreased resistance to the passage of an electric current and stretchingforce ; (2) to ascertain how much of the increased resistance in each case is produced by mere increase of length and diminution of section.
In order to determine the increase of resistance from stretching, the wires were each divided into two parts about 14 feet or more in length. One end of each part was fastened to a stout hook, firmly fixed into a block of wood, the two hooks used being about 8 inches apart, and the block of wood in which they were fixed securely fastened across two strong uprights, which were placed resting against the wall, so that the weights attached to the wires might swing clear of the table on which the uprights were placed. A loop was made at the other end of each part
